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Abstract

This paper presents a consistent and concise analysis of the free and forced vibration of a mass supported by a parallel

combination of a spring and an elastically supported damper (a Zener model). The results are presented in a compact form

and the physical behaviour of the system is emphasised. This system is very similar to the conventional single-degree-of

freedom system (sdof)—(Voigt model), but the dynamics can be quite different depending on the system parameters. The

usefulness of the additional spring in series with the damper is investigated, and optimum damping values for the system

subject to different types of excitation are determined and compared.

There are three roots to the characteristic equation for the Zener model; two are complex conjugates and the third is

purely real. It is shown that it is not possible to achieve critical damping of the complex roots unless the additional stiffness

is at least eight times that of the main spring. For a harmonically excited system, there are some possible advantages in

using the additional spring when the transmitted force to the base is of interest, but when the displacement response of the

system is of interest then the benefits are marginal. It is shown that the additional spring affords no advantages when the

system is excited by white noise.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

The classic mass–spring–damper single degree-of-freedom (sdof) system is the bedrock of vibration
analysis and has been studied at length over many decades. Any elementary textbook on vibration analysis
describes the free and forced vibration of a sdof system in detail. In the context of vibration isolation,
where the parallel combination of the spring and damper are representative of the isolation system, the
damper performs a useful function at the resonance frequency of the system, but is detrimental at high
frequencies. It has therefore been suggested that elastically connecting the spring may offer some potential
benefits [1]. A thorough investigation of the modified sdof has been conducted and is described
comprehensively in Ref. [2].
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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Combinations of springs and dampers are of interest to the materials community as they are used to
represent the behaviour of viscoelastic materials [3]. The parallel combination of a spring and a mass is
generally called the Voigt model, the series combination of a spring and a damper is called the Maxwell model
and the parallel combination of a spring and an elastically supported damper is called the Zener model. These
terms are used in this paper for such systems supporting a mass.

Free vibration of the Zener model was studied by Yamakawa [4]. Muller [5] also studied this model, some 44
years later, in terms of parameters more concerned with material properties such as ‘‘relaxation time’’. He also
showed that the characteristic equation of the system comprises three roots, one of which is purely real and the
other two being complex conjugates. His analysis demonstrated that the complex roots become real under
certain situations. However, his approach was such that his explanation of this phenomenon was
mathematical rather than physical. Muravyov and Hutton [6] have studied a system similar to the Zener
model, where a mass is suspended by a parallel combination of a viscoelastic spring and a viscous dashpot.
They showed that over- or under-damped oscillations occur depending on the parameters of the viscoelastic
spring.

Because the Zener model is of interest in vibration isolation and in material characterisation it is perhaps
surprising that the literature offers little other work on this subject other than the aforementioned references.
It is worth noting that there is not a consistent reference trail from the later to the earlier papers. The present
paper hopes to contribute by analysing the free and forced vibration of the Zener model in a consistent
manner and presenting the results in a compact form with particular emphasis on the physical behaviour of
the system.

Optimum damping values for various stated criteria for each of the situations (free vibration,
harmonic excitation and white noise excitation) are derived for each case, and are compared. For
forced vibration, the amplitude response of the mass is considered, as is the force transmitted to the
rigid base.

2. Free vibration

The sdof system shown in Fig. 1 consists of a mass, m, supported by a parallel combination of a spring, k,
and an elastically attached viscous damper, c, where the connecting spring has stiffness Nk (NX0). The spring
in series with the dashpot is referred to as the secondary spring as opposed to the primary spring which is the
one in parallel with the damper. This system is commonly referred to as the Zener model, and its equation of
m

k

Nk

c

fe (t)

ft (t)

x (t)

Fig. 1. A point mass supported on a parallel combination of a spring and an elastically attached viscous damper (Zener model).
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motion of free vibration is given by [1,2]

mc

Nk

� �

_ _ _xþm €xþ c
N þ 1

N

� �
_xþ kx ¼ 0. (1)

Eq. (1) can be written in terms of the non-dimensional damping coefficient B ¼ c=2
ffiffiffiffiffiffiffi
mk
p

and the undamped
natural frequency of the system when N ¼ 0, o0 ¼

ffiffiffiffiffiffiffiffiffi
k=m

p
, as

2B
o0N

� �

_ _ _xþ €xþ 2Bo0
N þ 1

N

� �
_xþ o2

0x ¼ 0. (2)

Note that B ¼ c=2
ffiffiffiffiffiffiffi
mk
p

is a convenient non-dimensional damping parameter and not the damping ratio of
the system. As such, the usual symbol for damping ratio, z, has been deliberately avoided. Eq. (2) is a third-
order differential equation with solutions of the form

xðtÞ ¼ Aes1t þ Bes2t þ Ces3t, (3)

where A, B, C are constants that depend on the initial conditions and s1, s2, s3 are the solutions of the system’s
characteristic equation

2B
o0N

� �
s3 þ s2 þ 2Bo0

N þ 1

N

� �
sþ o2

0 ¼ 0. (4)

Alternatively, a non-dimensional form of the solution can be assumed

xðtÞ ¼ Aeŝ1t þ Beŝ2t þ Ceŝ3t, (5)

where ŝi ¼ si=o0 and t ¼ o0t is non-dimensional time. The characteristic equation can then be written as

ŝ3 þ
N

2B

� �
ŝ2 þ ðN þ 1Þŝþ

N

2B

� �
¼ 0. (6)

The three roots of this equation are either all real, or include a complex conjugate pair that characterises
under-damped motion [5]. The roots of this equation are given in Appendix A. To determine when critical
damping occurs, the imaginary parts of the roots of Eq. (6) are set to zero and solved for B. The algebraic steps
for this procedure can also be found in Appendix A. For a given stiffness ratio N, the values of B for which this
can occur are found to be

B ¼ N

ffiffiffi
2
p

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 þ 20N � 8

ðN þ 1Þ3
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðN � 8Þ3

q
ðN þ 1Þ3

vuut
. (7)

There are no real solutions to Eq. (7) when No8 which means that critical damping cannot be achieved if
the secondary spring is too soft. This is illustrated by the root locus in Fig. 2(a) in which the roots have been
calculated for 0:001pBp20 in increments of 0.05. When B ¼ 0 (no damping) the complex roots are purely
imaginary with ŝ2;3 ¼ �j, and the system becomes a mass supported on the primary spring alone. As the
damper coefficient is increased the complex conjugate pair of roots move in the direction of the arrows and
become under-damped. The damped natural frequency is given by the imaginary part of the roots. Further
increases in damping coefficient results in a reduction in the real part of the roots and hence the damping in the
system. In the limit as B-N the damper acts as a rigid link and the system collapses to a mass supported on
the primary and secondary springs in parallel, i.e. an undamped system. The natural frequency is

ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1
p

times that of the original undamped system, when B ¼ 0. When B51 the real root ŝ1 is very large and negative,
and as B increases the real root moves towards the origin.

When N48 there are two values of B that satisfy Eq. (7). These solutions are distinct critical damping
coefficients for the complex roots of the system, Blower and Bupper say. When Nb8, then BlowerE1, the system is
critically damped for approximately the same value of damping coefficient as the corresponding Voigt model.
The upper value Bupper �

ffiffiffiffiffi
N
p

=4 corresponds to a larger value of damping coefficient that also yields critical
damping. Taking N ¼ 15 as an example, Fig. 2(b) illustrates the root locus when N48. Again, the complex
conjugate pair of roots is purely imaginary when B ¼ 0, and initially become increasingly damped as B
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Fig. 2. Examples of the solutions to the characteristic equation of the Zener model as B is increased from 0.001 to 20 in increments of

0.005: (a) root loci for N ¼ 4. (b) Root loci for N ¼ 15.
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increases. When B ¼ Blower the root pair become real, one becoming increasingly negative and one moving
towards the origin. The root that is real when B51, ðŝ1Þ, is initially large and negative, and moves towards the
origin as B increases. When B ¼ Bupper this root and the root moving towards the left on the real axis, ðŝ2Þ,
become complex; they become less damped as B increases further until there is effectively zero damping in the
system as in the previous case.

In a sdof system, where the mass is supported on a parallel combination of a spring and damper
(Voigt model), the governing equation of motion has two roots. These roots are complex when the
damping ratio is less than one and are real when the damping ratio is greater than one. The damping ratio of
the system is defined by �Refŝ1;2g=jŝ1;2j [7]. In a system where the dashpot is elastically supported, the
damping of the system cannot be uniquely defined because when BoBlower and BupperoB there are always two
complex roots and one real root. However, the damping ratios corresponding to the complex roots
can be defined in a similar way to the Voigt model [8]. For each value of B, the damping ratio for these roots is
given by

z ¼ cos y ¼
�Refŝ1;2g

jŝ1;2j
. (8)

This is illustrated in Fig. 2(b). It can be seen that there are two roots that have the same angle y. Thus, the
same damping ratio z is obtained for two different values of B, and for each N there are two values of damping
ratio for each oscillatory root. This is shown in the contour plot of Fig. 3(a) for 0pNp30 and 0pBp3. Also
plotted in Fig. 3(a) are the lines given by Eq. (7a,b). The region enclosed by the two curves represents
combined values of N and B that result in over-damped motion.

The damped natural frequency normalised by o0 is plotted in Fig. 3(b). When No8, the damped
natural frequency either increases or decreases first then increases as B increases. However, when NX8, the
damped natural frequency first decreases as B increases, and then it increases again. This can also be seen in
Fig. 3(b).

Of practical interest is the maximum damping that can be achieved for a given N when Np8. The
form of Eq. (6) is the same as that in Ref. [9], which describes integrated force feedback control of
a truss structure. In Ref. [9], an expression is given for the maximum possible damping ratio of the
system. This can be adapted to the Zener model, which results in a maximum possible damping coefficient for
Np8, of

zmax ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1
p

� 1

2
. (9)
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Fig. 3. Dynamic characteristics of free vibration of the Zener model: (a) Contour plot showing the damping ratio of roots ŝ1;2. The dashed

line shows the maximum damping ratio for No8. (b) Contour plot showing the damped natural frequency normalised by o0.

M.J. Brennan et al. / Journal of Sound and Vibration 309 (2008) 823–837 827
The corresponding value of B is determined by setting

Refŝ1;2g

jŝ1;2j
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1
p

� 1

2
(10)

and solving for B, which results in

B ¼
N

2ðN þ 1Þ3=4
; Np8. (11)

This is also plotted in Fig. 3(a) as a dashed line. The minimum real part of the underdamped root for the
case when Np8 is given by

ReðŝÞ
��
min
¼

N

4
(12)

and this occurs when

B ¼
N

N þ 2
. (13)

In Fig. 4, part of the root locus of ŝ2 when N ¼ 4 is plotted. Also plotted is the root locus of a second order
system with an undamped natural frequency normalised by o0 of ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1
p

Þ=2. The tangent to the root
locus of ŝ2 drawn from the origin intersects with the root locus of the second-order system and the line N/4.
Thus, the maximum damping ratio can be interpreted as the damping ratio for an equivalent second order
system, which has an undamped natural frequency of on=o0 ¼ ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1
p

Þ=2 and a root to its normalised
characteristic equation that has a real part equal to �N/4.

To illustrate the effect of the purely real root on the free vibration of the Zener model, two simulations are
presented in Figs. 5(a) and (b). The first is the normalised impulse response of the system, xðtÞ=ðf̂ =modÞ, where
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f̂ is a unit impulse and od is the damped natural frequency, and the second is the normalised response to a
displacement input x(t)/h, where h is the initial displacement. Both responses are plotted as a function of non-
dimensional time t=T0 where T0 ¼ 2p=o0 is the undamped natural period of the system when N ¼ 0. To
determine the constants in Eq. (5), the following equations have to be solved for the impulse response and the
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displacement input response, respectively:

A

B

C

2
64

3
75 ¼

1 1 1

ŝ1 ŝ2 ŝ3

ŝ21 ŝ22 ŝ23

2
64

3
75
�1

0

1

0

2
64
3
75 and

A

B

C

2
64

3
75 ¼

1 1 1

ŝ1 ŝ2 ŝ3

ŝ21 ŝ22 ŝ23

2
64

3
75
�1

1

0

0

2
64
3
75. (14a,b)

The values of ŝi are determined numerically by solving Eq. (6) for N ¼ 2 and B ¼ 0.1 and 1.92 (which
correspond to a value of z ¼ 0.1).

The main difference between the Zener and the Voigt models is the additional purely real root. This root is
large and negative (�9.8) when B ¼ 0.1 and small and negative (�0.18) when B ¼ 1.92. The effects of this root
on the free response can be observed in Figs. 5(a) and (b). It can be seen that the real root has a negligible
effect when B ¼ 0.1 as both the impulse response and the displacement input response are similar to that of the
Voigt model and are thus dominated by the complex roots. However, when B ¼ 1.92 the effect of the purely
real root on the response is very much dependent on the initial conditions. For the impulse response, the
complex roots dominate the response, but for the displacement input it is clear that the purely real root
dominates the response.

As noted by Muller [5], because there is always one purely real root, the characteristic Eq. (6) can be written as

ðŝþ s0Þðŝ
2
þ aŝþ bÞ ¼ 0, (15)

where s0, a and b can be determined by comparing Eqs. (6) and (15). In general, Eq. (15) has a complicated
form from which little new knowledge can be gained. However, there are two situations when the
characteristic equation can be factorised easily, which is when

B5N. In which case Eq. (6) becomes

ðŝþ Bþ jÞðŝþ B� jÞ ŝþ
N

2B

� �
¼ 0. (16a)

BbN. In which case Eq. (6) becomes

ŝþ
N2

4ð1þNÞB
þ j

ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1
p

� �
ŝþ

N2

4ð1þNÞB
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1
p

� �
ŝþ

N

2ð1þNÞB

� �
¼ 0. (16b)

The magnitudes of the real parts of the roots of the characteristic equation, which govern the decay of
free vibration, are calculated numerically for N ¼ 4 and plotted in Fig. 6 (all are negative) as a function of B.
10
-1

10
0

10
1

10
-2

10
-1

10
0

10
1

10
2

0 0.5 1 1.5 2

0

0.5

1

1.5

2

2.5

3

3.5

4

R
e 

{s
1,

2,
3}

2�
N

4 (N+1) �
N2

2 (N+1) �
N

ˆ
R

e 
{s

2}
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The real parts of the roots of Eq. (16a) and (16b) are also plotted. It can be seen that they are the asymptotes
for the real parts of the roots when B51 and BbN. It can also be seen that the purely real root is much larger
than the real part of the complex roots when B51, but when Bb1 the real part of the complex roots is greater
than the purely real root. When the real part of the complex roots is equal to the purely real root, then

B ¼
N

6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N=2� 1

p . (17)

The ratio of the real parts of the roots is plotted as a function of B in Fig. 6(b) for different values of N. It
can be seen in Figs. 6(a) and (b) that when Bb1 then Refŝ2g=ŝ1 � N=2. Note that this is only a function of N.

Generally, the root with the smallest real part dominates the decay of free vibration, thus Eqs. (16a) and
(16b) can be used to obtain analytical expressions for the free response of the Zener model in certain
situations.

3. Forced vibration

This section is concerned with the forced response of the Zener model. Two situations are considered; the
first is harmonic excitation and is described in Section 3.1, and the second is for white noise excitation and is
discussed in Section 3.2.

3.1. Harmonic excitation

The dynamic response of the Zener model to forced harmonic excitation has been reported comprehensively
in the literature, for example [1,2]. Therefore, only the key results are presented here, but in a way that is
consistent with the results for free vibration discussed in Section 2. Two responses are considered; the non-
dimensional displacement response of the system or the dynamic magnification factor given by
DðjOÞ ¼ X=ðFe=kÞ, where O ¼ o=o0, and the ratio of the transmitted force Ft to the excitation force Fe, or
the transmissibility given by TðjOÞ ¼ F t=Fe. These can be derived from Eq. (2) in a straightforward manner by
assuming a harmonic excitation force Fee

jot. The dynamic magnification factor is given by

DðjOÞ ¼
1þ jð2=NÞBO

1� O2 þ jð2=NÞBOðN þ 1� O2Þ
. (18)
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The modulus is plotted in Fig. 7(a) for values of B from 0.1 to 4 in steps of 0.5. It can be seen that the
resonance peak reduces initially as B increases, and then it increases again, but with the peak occurring at a
higher frequency. In the limit when B-0, O-1, and when B-N, O!

ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1
p

. The modulus passes through
the point jX=ðF e=kÞj ¼ 2=N [1], for all values of B, which is marked by 1 in Fig. 7(a). This occurs when the
non-dimensional frequency O ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 2ð Þ=2

p
. The peak in the dynamic magnification factor is a minimum at

this frequency, when the non-dimensional damping coefficient is [1]

B ¼
Nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðN þ 2Þ
p . (19)

The damping value given by Eq. (19) is referred to as optimum damping in the literature as it yields the
smallest displacement response at resonance. From the above discussion, it can be seen that the magnitude of
the peak in the dynamic magnification factor is a function of N and B. To compare the forced response of the
Zener model with the free vibration characteristics depicted in Fig. 3, the reciprocal of the peak value is plotted
as a contour graph as a function of N and B in Fig. 8(a); Eq. (19) is also plotted for comparison. The peak in
the dynamic magnification factor can only be less than unity when N42. It can be seen that for N42 and for B
less than about 0.3, the reciprocal of the peak value � 2B. Thus, the relationship between the damping of the
complex roots and the non-dimensional damping coefficient is z � B.

Inspection of Fig. 8(a) also shows that there is a wide range of values of B for a given N greater than
about 2 that results in the system having a maximum dynamic magnification factor of one. This does not occur
at a resonance frequency, however, but at zero frequency as can be seen in Fig. 7(a). This can also be seen in
Fig. 8(b), which shows the contour plot of the normalised frequency at which the maximum value of the
dynamic magnification factor. When Nb1 the frequency at which the peak occurs decreases as B increases (as
it would in the Voigt model), until B ¼ 1=

ffiffiffi
2
p

when O ¼ 0. For low values of N the situation is quite different.
For B greater than about 1=

ffiffiffi
2
p

, as N increases the frequency at which the peak occurs also increases. The peak
value, however, decreases as can be seen in Fig. 8(a), and when it decreases below unity, the maximum value
occurs when O ¼ 0. The line marked ‘‘all contours’’ gives the values of N and B when the peak value just dips
below unity.

Further insight can be gained by examining the transfer function of the system rather than the frequency
response function. This is given by

DðŝÞ ¼
ŝþ ðN=2BÞ

ŝ3 þ ðN=2BÞŝ2 þ ðN þ 1Þŝþ ðN=2BÞ
. (20)
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Fig. 8. Forced harmonic vibration response of the Zener model (dynamic magnification factor): (a) Contour plot showing the reciprocal of

the maximum value of the dynamic magnification factor. The dashed line B ¼ N=
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results in a minimum peak. (b) Contour plot

showing the frequency normalised by o0 at which the maximum of the dynamic magnification factor.
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When B5N, the denominator factorises as in Eq. (16a), and Eq. (18) reduces to

DðŝÞ �
1

ðŝþ Bþ jÞðŝþ B� jÞ
, (21)

which means that for the frequency response function, the effect of the real root is effectively cancelled by the
zero, which is given by �N/(2B) (found be setting the numerator to zero and solving for ŝ). Thus, the
oscillatory roots dominate the response for all frequencies.

If BbN, Eq. (20) can be written as

DðŝÞ �
ŝþ ðN=2BÞ

ŝþ
N2

4ðN þ 1ÞB
þ j

ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1
p

� �
ŝþ

N2

4ðN þ 1ÞB
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1
p

� �
ŝþ

N

2ðN þ 1ÞB

� � . (22)

It can be seen that in this case the numerator does not cancel with the purely real root as it does when B5N

as discussed above. Thus, if the damping is high the purely real root cannot be neglected as it plays a role in
the frequency response of the system. However, at high frequencies jDðjOÞj � 1=O2 as can be seen by
inspecting Eq. (22) and Fig. 7(a).

Examination of Fig. 8(a) shows that there seems to be a marginal advantage in using an elastically
supported damper because for small values of N the normalised peak response can be limited to unity for a
smaller damping coefficient compared to the Voigt model.

A parameter that characterises the performance of an isolator is its Transmissibility, which, for an isolator
described by the Zener model, is given by

TðjOÞ ¼
F t

Fe

¼
1þ jð2=NÞðN þ 1ÞBO

1� O2 þ jð2=NÞBOðN þ 1� O2Þ
. (23)

It can be seen that Eq. (23) is identical to Eq. (18) except for the additional term (N+1) in the numerator.
The modulus of the Transmissibility is plotted in Fig. 7(b) for values of B from 0.1 to 4 in steps of 0.5. As with
the dynamic magnification factor, the resonant peak reduces initially as B increases, and then it increases again
but with the peak occurring at a higher frequency. It has the same frequency limits as B-0 and B-N as with
the dynamic magnification factor. The modulus passes through the point jTðjOÞj ¼ ðN þ 2Þ=N [1], for all

values of B, which is marked by 1 in Fig. 7(b). This occurs when the non-dimensional frequency
O ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðN þ 1Þ=ðN þ 2Þ

p
. The peak in the transmissibility is a minimum at this frequency, when the
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non-dimensional damping coefficient is [1]

B ¼
N

4ðN þ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðN þ 2Þ

p
. (24)

The damping value given by Eq. (24) is referred to as optimum damping in the literature as it yields the
lowest transmissibility at resonance.

The contour plots for the reciprocal of the maximum value of the transmissibility and the non-dimensional
frequency at which this occurs are plotted in Figs. 9(a) and (b), respectively. Eq. (23) is also plotted for
comparison in Fig. 9(a). These figures can be compared with the corresponding contour plots for the dynamic
magnification factor in Fig. 7. It can be seen that there are significant differences. For a wide range of system
parameters, the peak in the dynamic magnification factor was unity when the frequency was zero. This is not
so with the Transmissibility; only if Nb1 and Bb1 does the maximum occur at zero frequency. One notable
feature in Fig. 9, is that the natural frequency changes rapidly with B in the region where the damping has been
optimised according to Eq. (24).

The transfer function of the transmissibility is given by

TðŝÞ ¼

ðN þ 1Þ ŝþ
N

2BðN þ 1Þ

� �� �

ŝ3 þ
N

2B

� �
ŝ2 þ ðN þ 1Þŝþ

N

2B

� � . (25)

When B5N, the denominator factorises as in Eq. (16a), and Eq. (25) reduces to

TðŝÞ �

ðN þ 1Þ ŝþ
N

2BðN þ 1Þ

� �� �

ðŝþ Bþ jÞðŝþ B� jÞ ŝþ
N

2B

� � . (26)

It can be seen that unless N51 the purely real root in the denominator does not cancel with the zero, and so
all three roots of the characteristic equation influence the frequency response function. This is different to
dynamic magnification factor discussed above. At high frequencies, the transmissibility is given by
jTðjOÞj � ðN þ 1Þ=O2, i.e., independent of B, and rolls off at 40 dB/decade. Conversely, for a system with a
rigidly connected damper the high frequency transmissibility is jTðjOÞj � B=O and presents a decay slope of
20 dB/decade. It can be concluded that the Zener model out-performs the conventional system at high
frequencies, i.e. when O41=BðN þ 1Þ.

3.2. White noise excitation

Many systems are excited by random rather than harmonic vibration. To make the analysis tractable, white-
noise excitation is considered. As with harmonic excitation, both the dynamic magnification factor and
transmissibility are considered for the Zener model.

The mean square displacement response is given by [10]

x̄2 ¼ S0

Z 1
0

jDðjOÞj2 dO, (27)

where S0 is the amplitude of the excitation spectral density. Substituting for D(jO) from Eq. (18) into Eq. (27)
and evaluating the integral gives, in non-dimensional form

x̄2

S0o0p=4
¼

1

B
þ

4B
N2

. (28)

When B5N

x̄2

S0o0p=4
�

1

B
. (29a)
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When BbN

x̄2

S0o0p=4
�

4B
N2

. (29b)

Eq. (29a) is also the normalised displacement response for a sdof system with a rigidly connected
damper (N-N). Eqs. (28) and (29) are plotted in Fig. 10(a) for N ¼ 2. It can be seen that the mean square
response initially decreases as B increases, but then increases again. The minimum in the response can be
determined by setting the two asymptotes given in Eqs. (29a) and (29b) to be equal. The result is an optimum
value of B ¼ N/2 and a minimum normalised mean square response of

x̄2

S0o0p=4

����
min

¼
4

N
. (30)

This point is marked as 1 in Fig. 10(a).
The mean square force transmitted to the base is given by

f̄
2

t ¼ S0

Z 1
0

jTðjOÞj2 dO. (31)

Substituting for T(jO) from Eq. (23) into Eq. (31) and evaluating the integral gives, in non-dimensional form

f̄
2

t

ðp=4ÞS0o
¼

1

B
þ 4B

N þ 1

N

� �2

. (32)

When B5N

f̄
2

t

S0o0p=4
�

1

B
. (33a)

When BbN

f̄
2

t

S0o0p=4
� 4B

N þ 1

N

� �2

. (33b)

If N-N then Eq. (32) reduces to

f̄
2

t

S0o0p=4
¼

1

B
þ 4B, (34)
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which is the normalised mean square force for the system with a rigidly connected damper. Eq. (34) has
asymptotes for B51 of 1/B and for Bb1 of B. Eqs. (32) and (34) are plotted in Fig. 10(b) together
with the corresponding asymptotes. It can be seen that, as with the displacement response, the
mean square force initially decreases as B increases, but then increases again. The minimum in
the response can be determined by setting the two asymptotes given in Eqs. (33a) and (33b) to be
equal. The result is an optimum value of B ¼ N/(2(N+1)) and a minimum normalised mean square
response of

f̄
2

t

S0op=4

�����
min

¼
4ðN þ 1Þ

N
. (35)

If N-N, the minimum normalised mean square response is 4 which occurs when B ¼ 1/2. The minima are
shown as

%
o in Fig. 10(b). It can be seen that the minimum mean square force for a rigidly connected damper is

smaller than that for an elastically connected damper.

4. Discussion

Table 1 summarises the optimum values of the non-dimensional damping coefficient Bopt for free and forced
vibrations of the Zener model derived in Sections 2 and 3. These are also plotted in Fig. 11 for comparison. It
can be seen that there is not a single optimum value; it depends upon the type of excitation and the response
variable of interest. For free vibration, two optima are given, one for No8 and one for NX8. It has been
shown that the complex roots can only be critically damped when NX8 and this can be achieved with two
values of B. When No8 two of the roots of the characteristic equation are always complex, but there is a value
of B that can achieve maximum damping for these roots. In general, there does not appear to be any advantage
in using an elastically connected damper for free or transient vibration, unless there is a particular response
that cannot be achieved using a parallel combination of a spring and a damper.

There are two optimum damping values for harmonic excitation, one for the displacement response of the
system and one for the force transmitted to the rigid base. Both damping values ensure the response at the
resonance frequency is minimised, and have been reported previously in the literature. There seems to be a
marginal advantage in using an elastically connected damper if the displacement response is of interest, in that
it is possible to achieve critical damping for the system with a smaller damper than in the Voigt model
provided that N is chosen carefully. The main advantage is when the transmitted force is of interest. It is
possible to have a high-frequency response that decreases with the square of frequency, but with some
damping being added to the system to reduce the response at resonance. This is not possible with a rigidly
connected damper. However, there is a trade-off between reducing the amplitude of the high-frequency
response and reducing the amplitude of the resonance peak. The additional spring in series with the
damper gives more flexibility in tuning the system for a particular requirement. It should be noted, however,
that the frequency at which the peak occurs is particularly sensitive to the damping coefficient for N greater
than about 10.
Table 1

Summary of the optimum non-dimensional damping coefficients Bopt for free and forced vibration of the Zener model

Free vibration Forced vibration

No8 NX8 Harmonic excitation White noise excitation

Dynamic

magnification

factor

Transmissibility Mean square

displacement

response

Mean square

transmitted

force

N

2ðN þ 1Þ3=4 N

ffiffiffi
2
p

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 þ 20N � 8

ðN þ 1Þ3
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðN � 8Þ3

q
ðN þ 1Þ3

vuut Nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðN þ 2Þ

p N

4ðN þ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðN þ 2Þ

p N

2

N

2ðN þ 1Þ
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Examination of Figs. 10(a) and (b) and Table 1 shows that there is no advantage in using an elastically
connected damper if the excitation is white noise and the mean square displacement or transmitted force
response is of interest. In fact it is detrimental in both cases. If the system is excited by both harmonic and
random vibration, then it is possible that an elastically supported damper may offer advantages, but this
would have to be considered on a case-by-case basis.

5. Conclusions

This paper has described the free and forced dynamic behaviour of a sdof system in the case where the damper
is elastically supported (Zener model). There are three roots to the characteristic equation for this system; two of
these are complex conjugates and the third root is purely real. It has been shown that it is not possible to achieve
critical damping of the complex roots unless the secondary stiffness is at least eight times that of the primary
stiffness. Expressions have been derived for the minimum damping required to critically damp the complex roots
when this is possible. Expressions have also been derived for the maximum damping of the complex roots when
critical damping is not possible. For comparison and completeness, the behaviour of the system when excited by
harmonic vibration has also been presented. It has been shown that there could be some advantages in using a
spring in series with a damper when the transmitted force to the base is of interest, but when the displacement
response of the system is of interest then the benefits of such a system are marginal. Finally, the response of the
Zener model excited by a force that is spectrally white has been considered. Optimum values of the damping
have been determined for the cases when the mean square displacement response of the mass, and the mean
square force transmitted to the rigid base are of interest. It is shown that the spring in series with the damper
affords no advantages, the best situation being when the damper is rigidly connected.
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Appendix A. Solution of the characteristic equation for the Zener model

The closed-form solution of a third-order polynomial equation, which is the form of the characteristic
equation for the Zener model given in Eq. (6), was determined in 1545 by Girolamo Cardano [11]. However, in
this paper the symbolic algebra software package, Maple [12], was used to determine the roots of Eq. (6),
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which is repeated here for convenience:

ŝ3 þ
N

2B

� �
ŝ2 þ ðN þ 1Þŝþ

N

2B

� �
¼ 0. (A.1)

The roots are given by

ŝ1 ¼ R1, (A.2a)

ŝ2;3 ¼ R2 � j

ffiffiffi
3
p

2
Q, (A.2b)

where

R1 ¼
ð18B2N2 � 36B2N �N3 þ 6B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3� 3B2ÞN4 þ ð48B4 � 60B2ÞN3 þ ð24B2 þ 144B4ÞN2 þ 144B2N þ 48B4

p
Þ
1=3

6B

þ � � � þ
N2 � 12B2ðN2 þ 1Þ

6Bð18B2N2 � 36B2N �N3 þ 6B
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3� 3B2ÞN4 þ ð48B4 � 60z2ÞN3 þ ð24B2 þ 144B4ÞN2 þ 144B2N þ 48B4

q
Þ
1=3

�
N

6B

R2 ¼ �
N2 � 12B2ðN2 þ 1Þ

12Bð18B2N2 � 36B2N �N3 þ 6B
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3� 3B2ÞN4 þ ð48B4 � 60B2ÞN3 þ ð24B2 þ 144B4ÞN2 þ 144B2N þ 48B4

p
Þ
1=3

� � � � �
N

6B
,

Q ¼
ð18B2N2 � 36B2N �N3 þ 6B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3� 3B2ÞN4 þ ð48B4 � 60B2ÞN3 þ ð24B2 þ 144B4ÞN2 þ 144B2N þ 48B4

p
Þ
1=3

6z

� � � � �
N2 � 12z2ðN2 þ 1Þ

6Bð18B2N2 � 36B2N �N3 þ 6B
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3� 3B2ÞN4 þ ð48B4 � 60B2ÞN3 þ ð24B2 þ 144B4ÞN2 þ 144B2N þ 48B4

p
Þ
1=3

.

When there is critical damping the imaginary part of the roots given by Eq. (A.2b) is zero. Thus, by setting
Q ¼ 0 and rearranging the resulting equation the two positive solutions for B in terms of N can be determined
and are given by

B ¼ N

ffiffiffi
2
p

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 þ 20N � 8

ðN þ 1Þ3
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðN � 8Þ3

q
ðN þ 1Þ3

vuut
. (A.3)
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